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Abstract We study the behavior of the modular class of a Lie algebroid 
under general Lie algebroid morphisms by introducing the relative modular 
class. We investigate the modular classes of pull-back morphisms and of 
base-preserving morphisms associated to Lie algebroid extensions. We also 
define generalized morphisms, including Morita equivalences, that act on the 
1-cohomology, and observe that the relative modular class is a coboundary 
on the category of Lie algebroids and generalized morphisms with values in 
the 1-cohomology. 



Introduction 

The modular class of a Poisson manifold first appeared, without a name, in 
the work of Koszul [19j . The name was proposed in [26], where Koszul's class 
was shown to be the obstruction to the existence of a smooth Poisson trace, 
and hence the Poisson analogue of the modular automorphism group of a 
von Neumann algebra. The extension of the modular class to Lie algebroids 
was also proposed there. 

This extension was studied in detail by Evens, Lu and Weinstein [7], who 
showed that the modular class of the cotangent Lie algebroid of a Poisson 
manifold is twice that of the Poisson manifold. The theory was then devel- 
oped in the framework of Lie-Rinehart algebras by Huebschmann [Hj, and 
the role of Batalin-Vilkovisky algebras was emphasized in \27\ and |15j . 

The modular class of a base-preserving morphism of Lie algebroids was 
defined in [12] , using an approach similar to that of [T^] , and studied in [T7] , 
where it is called a relative modular class, further explaining results of [16] 
on the modular classes of twisted Poisson structures on Lie algebroids. 

In this paper we extend this relative notion of modular class to Lie 
algebroid morphisms which are not necessarily base-preserving. We look at 
many examples and study the properties of this new class. We introduce a 
category of generalized morphisms of Lie algebroids which includes the weak 
Morita equivalences of Ginzburg [lOj along with ordinary morphisms, and 
we investigate the modular class in the context of this category. 

In Section [H we recall the definitions of Lie algebroid morphisms and rep- 
resentations, and we prove that representations can be pulled back (Propo- 
sition II. 3|) . We then recall the definition of the characteristic class of a Lie 



algebroid representation on a line bundle and that of the modular class of 
a Lie algebroid, and we study the behavior of the characteristic class of a 
representation under pull-back (Proposition 12.1] ). We can then define the 
modular class of a Lie algebroid morphism (Definition I2.2p , an extension of 
the definition for base-preserving morphisms. In Section 12.3^ the modular 
class of a Lie algebroid morphism is shown to be the characteristic class of 
a Lie algebroid representation which we construct explicitly (Theorem 12 .31) . 

Section [3] is devoted to the modular classes of pull-back Lie algebroid 
morphisms; these are the ones for which, in some sense, only the base mani- 
fold changes. We recall the notion of pull-back of a Lie algebroid (Definition 
13. 2p following [22]. We first prove that the modular class of a pull-back 
morphism vanishes when the morphism covers a submersion (Proposition 
13. Sp . then we prove (Theorem I3.10p that this result is still valid in the more 
general case of the transverse maps defined in Definition 13.51 A counter- 
example (Section 13. 3p shows that the result is not true in general when the 
base map fails to be transverse. We also show that a surjective submersion 
induces an isomorphism from the 1-cohomology of a Lie algebroid to that 
of its pull-back (Proposition 13.1^ . 

In Section m we consider some base-preserving Lie algebroid morphisms, 
and we show that the modular class of a Lie algebroid extension of a tran- 
sitive Lie algebroid i? by a unimodular Lie algebroid C can be computed in 
terms of a representation of i? on a line bundle (Theorem 14. 5p , generalizing 
a theorem in |18j . 

In Section [5l we define generalized Lie algebroid morphisms and the 
Morita equivalence of Lie algebroids, as well as the modular class of a gen- 
eralized morphism with connected and simply-connected fibers. We prove 
that the modular classes of isomorphic generalized morphisms are equal, and 
give a formula for the modular class of the composition of two generalized 
morphisms (Theorem 15. 4p . It follows from the definition and from Proposi- 
tion 13.81 that the modular class of a Morita equivalence with connected and 
simply-connected fibers vanishes. 

In the Appendix (Section [6]), we describe the modular class of morphisms 
of Lie algebroids as a 1-coboundary on the category of Lie algebroids. 

There are many interesting questions which remain concerning the mod- 
ular classes of Lie algebroids and their morphisms. 

1. The consequences of the unimodularity of a Lie algebroid for the ex- 
istence of a trace on an algebra quantizing the Poisson algebra of the 
dual vector bundle have been studied in [24J. What is the meaning of 
the modular class of a morphism in terms of these algebras? 

2. Modular classes have been shown ([7] [H] [27|) to be closely related 
to duality between Lie algebroid homology and cohomology, and the 
consequences of the unimodularity of a Poisson variety for the Van 
den Bergh dualizing module of its deformation quantization have been 
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studied in [5]. What is the meaning of the modular class of a mor- 
phism, in this context? 

3. The modular class is the first in a sequence of higher cohomology 
classes of Lie algebroids which appear in the work of Kubarski (see 
|20]). Fernandes [8] and Crainic [1]. How do these higher classes behave 
under morphisms? 



Conventions. All the manifolds, bundles and maps will be assumed to be 
smooth. We denote the space of (smooth global) sections of a real vector 
bundle E by TE, and its dual vector bundle by E* . 

A Lie algebroid is denoted by a triple {A — > M, PA,[ , ]a), where A ^ M 
is a vector bundle, pA is the anchor map, and [ , ]a is the Lie bracket of 
sections. When no confusion is possible, we shall abbreviate [ , ]yi to [ , ]. 
We often denote a Lie algebroid simply by yl — > M or A, in which case the 
anchor will be understood to be pA- 

We shall call a topological space 1-connected if it is both connected and 
simply-connected . 

Acknowledgements. Alan Weinstein would like to thank the Institut Mathe- 
matique de Jussieu for hospitality, and the National Science Foundation for 
partial support of this research through Grant DMS-0707137. 



1 Morphisms and representations of Lie algebroids 

Base-preserving morphisms between Lie algebroids are simply vector bun- 
dle maps inducing homomorphisms between Lie algebras of sections. More 
general morphisms, covering maps between manifolds, were defined by Hig- 
gins and Mackenzie P^B]. Vaintrob [25] formulated an equivalent condition 
in terms of vector fields on super manifolds. A third formulation, close to 
Vaintrob's, was given by Chen and Liu [3], who proved the equivalence of 
their definition to that of Higgins and Mackenzie. 

Modular classes of base-preserving morphisms of Lie algebroids were 
defined and studied in [T^] and jl7j . Here we review the definition of general 
Lie algebroid morphisms, and we extend the notion of modular class to them. 



1.1 Morphisms of Lie algebroids 

Let A —f M and B ^ N he real vector bundles, and let (<I>, <p) be a vector 
bundle map, 

A ^ B 

i i 
M t N 
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Such a map induces a pull-back operator <I>* : r{B*) T{A*) on sections, 
defined by 

< {^*P)m, a„ > = <(/? o ^){m),^{am) > , (1.1) 

for (3 G T(B*), m ^ M and a € TA. This operator is induced by the base- 
preserving morphism of vector bundles over M, : (p-B* A*, where (j)-B* 
is the pull-back of B* under (p. We may extend ^* to an exterior algebra 
homomorphism, A*<I>* : T{f\'B*) T{/\'A*), where we set (A°<I>*)(/) to be 
/o(/), for / G C°^(M). Recall that, for any Lie algebroid {A^ M,pA,[, 
the Lie algebroid differential is defined by 

(dAa)(ao,ai, . . . ,0^) = I](Lo(~l)VA(ai) • a(ao, . . . , Cj, . . . , a^) 
+ Eo<i<j<fc(-l)*"*'^«(k' Oj]^' ao, . . . , aj, . . . , a,-, . . . , afc) , 

for a G r(A''A*), A; G N, ao, • • • , G L^. The differential turns r(AM*) 
into a complex, whose cohomology is called the Lie algebroid cohomology 
and is denoted by H'{A). It is natural to make the following definition. 

Definition 1.1. Let A ^ M and B ^ N be Lie algebroids, and let 

be a vector bundle map from A to B. The pair (<&,i?5>) is a morphism of 

Lie algebroids if the map A*$* : {T{A'B*),dB) {T{A'A*),dA) is a chain 

map. 

When (<I>, (p) is base-preserving, i.e., (j) is an identity map, <I>* is the usual 
dual of <I>, and the condition that A*$* be a chain map is equivalent to the 
usual definition of a morphism of Lie algebroids as a vector bundle map 
preserving anchors and brackets [5T] [22J. In fact, Definition 11.11 is just the 
"ordinary language" version of the definition due to Vaintrob [25]: 
is a morphism if the homological vector fields dA and ds are n$-related, 
where 11$ is $ considered as a morphism from HA to HB, the supermanifolds 
obtained from A and B by "making the fibers odd," i.e., where the functions 
on are the sections of A*^*, and the functions on HB are the sections 
of A'B*. 

To summarize this section, we may say that the morphisms make Lie 
algebroids over all manifolds a category ^Igd. The Lie algebroid complex 
is a contravariant functor from this category to the category of complexes 
of vector spaces over M, and Lie algebroid cohomology is a contravariant 
functor from ^Igd to the category of graded real vector spaces. We discuss 
this categorical approach further in the Appendix. 

1.2 Representations of Lie algebroids 

It is useful to think of ^Igd as an enlargement of the category of mani- 
folds and smooth maps, which form a full subcategory when we identify 
each manifold M with its tangent bundle Lie algebroid. The restriction of 
Lie algebroid cohomology is, of course, just de Rham cohomology. Other 
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full subcategories are that of Lie algebras, for which the Lie algebroid co- 
homology is the Chevalley-Eilenberg cohomology, and that of the zero Lie 
algebroids. 

The theory of flat connections on vector bundles over manifolds becomes 
a representation theory when we pass from manifolds to Lie algebroids, and 
this representation theory generalizes that of Lie algebras. 

We recall that a representation [H] [52] of a Lie algebroid A on a vector 
bundle E, both over the base M, is an M-bilinear map D : TA x TE FE', 
denoted {a,x) i— > D{a)x, or simply a ■ x when no confusion is possible, such 
that, for all / G C°°(M), a,ai,a2 G TA and x £ TE, 



[ (iii) ai ■ (02 • x) - 02 • (ai • x) = [ai, a2]A • x . 

Equivalently, a representation of A on E, also called a flat A-connection 
on E or an A-module structure on E, is a Lie algebroid morphism over M 
from A to VE, the Lie algebroid of derivations on E whose sections are 
the covariant differential operators (CDO's) or derivative endomorphisms 
of TE (see [22j). More generally, an A-connection on E is a vector bundle 
morphism over M from A to VE, i.e., a map satisfying (i) and (ii) above. 
We also recall the following constructions. 

• If D is a representation of A on E, then the dual representation D* is 
the representation of A on E* defined by 

< D*{a)^, x > = - < D{a)x > + {pAa){< ^,x >) , 

for all aeTA,xeTE,^£ T{E*). 

• If Di and D2 are representations of A on vector bundles over M, Ei 
and E2, then Di D2 is the representation of A on Ei <Si E2 defined 



{Di (g) L»2)(a)(ei (E> 62) = Di{a){ei) 62 + ei -D2(a)(e2) , 

for all a G TA, ei G r(^i) and 62 G T{E2). 

We call an M-linear endomorphism of r(A*^* (8) E) of degree 1 and of 
square zero a differential on T{A'A* E). The following generalization of a 
well-known characterization of flat connections proves that the definition of 
a representation of a Lie algebroid A adopted above is equivalent to that of 
an ^-module in [25]. 

Proposition 1.2. Any differential dA,E on T{f\*A* ® E) satisfying 




{fa) ■ x 
a ■ {fx) 



f{a ■ x) , 

f{a ■ x) + {pAa){f)x , 



by 



dA,E{a ® x) = dAOi <^x + (— l)l"la (g) dA,E x , 



(L2) 
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for all a G r(A*^*) of degree \a\, and x € TE, gives rise to a representation 
of A on E defined by 

a- X = ia{dA,Ex) , (1.3) 

for a G TA and x € TE, where i denotes the interior product. Conversely, 
each representation of A on E gives rise in this way to a differential on 
T{A*A* (g)E) satisfying (CJj. 

Proof. The M-linear map dji^E^i^E - ~^ T(A* (g) E) satisfies, for each 
xGFE and f e C°°{M), 

dA,E{fx) = fdA,EX + dAf ® X , (1.4) 

and therefore (a, x) i— > a ■ x satisfies (i) and (ii) above. 

Conversely, given a representation, the map dA,E is well-defined on TE 
because of (i) and satisfies ()1.4p because of (ii). It can then be uniquely 
extended to an M-linear endomorphism of degree 1 oiT(A*A*®E) satisfying 

We claim that (d^.s)^ = is equivalent to the flatness property (iii). 
In fact, expressing dA.E x, for x G TE, locally as a finite sum dA,E x = 
X^fc CKfc "X" yk, with Ok G T{A*) and y^ G TE, yields, for a and a' G TA, 

''a"'a{dA,E{dA,E x)) = ia'ia{dAak ® Uk - OLk ® dA,E Vk) 

= Y.k {{dAak)ia, a')yk+ < ak, a' > iadA.EVk- < ak,a> ia'dA,E Uk) , 
while 

a ■ {a' ■ x) - a' ■ {a ■ x) = Y^ki^^dA < ^k, a' > yk - ia'dA <ak,a> yk 

+ < ak, a' > iadA,E Vk- < ak,a> ia'dA,E Vk) ■ 

Therefore 

a - {a ■ x) - a' ■ {a- x) - [a, a'] ■ x = ia'i^a{dA,E{dA,E x)) , 
which proves the claim. □ 

This proof shows that, more generally, the A-connections on E are in 
one-to-one correspondence with the M-linear endomorphisms of degree 1 of 
T{A'A* (g)E) satisfying (fr2]) . 

If A ^ M and B ^ N are Lie algebroids and Da (resp., Db) is a 
representation of ^ ^ M (resp., B N) on a vector bundle E ^ M 
(resp., F N), a vector bundle map ^ : E ^ F is said to be a morphism of 
representations from Da to Db covering the Lie algehroid morphism ($,</>) 
from A ^ M to B ^ N \i : E ^ F covers (p : M ^ N, and if the map 
A'^* is a chain map from the complex (T{A'B* Cg) F*),dB,F*) to the 
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complex (T{A*A* E*),dA,E*), i-e., if the following diagram commutes. 



T{A'B*(g)F*] 



r(AM*(g)£;*) — 



■T(A'+'^B* (g) F*] 



(1.5) 



If M = = {pt}, the commutativity of ()1.5p reduces to the condition 
that ^' be a morphism from the A-module E to the i?-module F covering 
the Lie algebra morphism ^ : A ^ B, ^(1)^1(0 (g) v)) = ^^(^(a) ^{v)), 
for all a G j4 and v & E. 



1.3 Pull-back of a representation by a Lie algebroid mor- 
phism 

Let F ^ N he a. vector bundle, and let cp' F ^ M he its pull-back by a map 
(j) : M ^ N. Any section y G TF pulls back to the section (j)'y G r{(j)'F), 
where (p'y = y o (j). The next proposition generalizes the facts that flat 
bundles pull back to flat bundles and that Lie algebra representations pull 
back to representations. 

Proposition 1.3. If D is a representation of the Lie algebroid B ^ N on 
F — >■ A^, and if (^>, (p) is a Lie algebroid morphism from A ^ M to B ^ N , 
then there exists a unique representation ^'Z? of A on (j)'F such that, for all 
a G TA, b G TB satisfying ^ o a = b o (p, and y G TF, 

a y) = ^- {b ■ y) . (1.6) 

Explicitly, {^■D){a){(/)-y) = (p-{D{b)y). 

Proof. We shall define the representation ^'D hy means of the associated 
differential d^^^>p: T{(j)-F) T {A* (S> (p- F) described in Proposition [Ol We 
first define the map ^'.p on the sections of (p'F of the form <p'y, for y G TF, 

by 

dA,^'.F{^-y) = i'^*(^<^-)idB,Fy) . (1.7) 

For / G C^{M), we set 

dA,cp'-F{f (f^'v) = f ® dA^^sp{(p-y) + dAf <8) (p'V , (1-8) 

A computation that uses the fact that ($, cp) is a morphism of Lie algebroids, 
which implies that ^*{dB h) = (i^(/i o (p) for h G C°°{N), shows that 

dA,^'F{ih o (p)f ®K (p-y) = dA^^'-Fif <P'{hy)) . 
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Therefore, there is a well-defined linear map d^^^ip to r(^* ® (j)-F) from 
(C°°(M) Ok rF)/(/>'(C°°(A^)), which is isomorphic to r((/>'F) as a C°°(M)- 
module. Because of (jl.8p . this map can be extended to an M-linear endo- 
morphism of degree 1 of r(A*^* O (j)'^) satisfying ()1.2p . A straightforward 
computation shows that this map is of square zero. The corresponding rep- 
resentation satisfies, for y E TF, 

a ■ {(jj-y) = iadA,ct>'-F{4>'y) = '-aC^* ® 4>'){dB,F v) ■ 

Assuming, without loss of generality, that ds^FV = ^(^z, with /? G TB* and 
z € TF, and assuming that <I> o a = 6 o we obtain 

a ■ {(j)-y) =< $*/5, a > 4)-z = {< P,b > o ^)(l)-z = <p-{< P,b > z) = (j)-{h ■ y) , 
as required. This property defines the pull-back representation uniquely. □ 

See Remark 13 . 1 3 1 b elow for a simple proof of this proposition in the case 
where (j) is a transverse map. 

When dB,F and dj^^^t.p are the differentials associated by Proposition [L2] 
to a representation D of B ^ N on F and the pull-back representation ^'D 
of ^ — > M on the following diagram commutes. 



r(A's* (g)F) 



r(AM* 



^ / 1 



■r(A'+i5*®F) 



(1.9) 



A,,p'-F 



rfA'+M^ 



b-F) 



Corollary 1.4. The canonical projection (f>p: (f>'F F is a morphism of 
representations from D to <I>'L) covering the Lie algebroid morphism 

Proof. Let ^'{D*) be the pull-back by {^,4>) of the representation D* of 
B ^ N on F*, which is a representation of ^ ^ M on By ()1.9p . 

the following diagram commutes. 



T{A'B*0F* 



■T{A'+^B* (g) F*) 



r(AM* (g) — ^*'r(A*+iA* o (/-'(F*)) 

When is identified to ((/>'-F)* as vector bundles, the map (/)' : T{F*) — > 

r((/)'(F*)) is identified with ((^)* : r(F*) r{{cl)-F)*), and the previous 
commutative diagram becomes: 



r(A*B* ^F* 



r(AM* 



A*$*0{0f)* 



rfA*+M* 



A*+i#*(»{0f)* 
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By (II. 5p . the claim is proved. 



□ 



2 Modular classes of morphisms 

2.1 Modular classes of Lie algebroids 

We recall some results of [7J . When D is a representation of the Lie algebroid 
A — > M on an orientable line bundle L — > M, and when A is a nowhere- 
vanishing section of L, the section ax of A* defined by 

< ax, a > X = a ■ X , 

for all a G TA, is d^-closed. As above, we have denoted D{a)X by a • A. 
We call ax the characteristic cocycle associated to the representation D and 
the section A. Its class in the 1-cohomology of A is independent of the 
choice of A. We call it the characteristic class of the representation D and 
denote it by charD. When L is not orientable, the characteristic class is 
defined as one-half that of the representation D <^ D in the square of the 
line bundle L. This is consistent with part (ii) of the following proposition, 
which establishes some basic properties of characteristic classes. 

Proposition 2.1. (i) If D* is the dual of D, then char (D*) = — charD. 
(ii) If Di and D2 are representations of A on line bundles Li and L2 over 
M, then 

char {Di ® D2) = char {Di) + char {D2) . 

(Hi) If (p) is a morphism of Lie algebroids from A ^ M to B ^ N , and 
D is a representation of B on a line bundle, then 

char (<!>■£») = $*(charD) . (2.1) 

Proof. The proofs of (i) and (ii) are straightforward. Let us prove (iii). 
By Proposition 11.31 if -D is a representation of B on the line bundle L, 
is a representation of A on (j)'L. We denote by [3 the representative 
of charZ) associated to u, a nowhere-vanishing section of L, and by a the 
representative of char (<I>'D) associated to cj)'u. By definition, for all a G TA, 

< a,a> (t)-v = a - {(p'u) = ia{dA,<j>'L{4>'^)) ■ 
Since diagram (jl.9p commutes, 

Therefore, for a G TA, a G T(A*), at any m G M, 

< am,am > {4>'v)m = ''a„((^'* ® 4>-){dB,LT^)){m) = (dfi^Ll/) (0(m) ) 

= < /30(m),^(am) > i^<^{m) =< ($*/?)m,am > (</'V)„ . 

We have proved that a = and (j2.ip follows. □ 
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Each Lie algebroid A ^ M has a canonical representation D in the 
line bundle 

= A^°PA ® A*°P(r*M) , (2.2) 

defined by 

D^{uj (g) fj.) = [a,uj]A<S' ^J- + to Cp^a fJ- , (2.3) 

for all a € TA, where u; (8) ^ is a nowhere- vanishing section of L^. Here [ , ]a 
is the Gerstenhaber bracket on r(A*^), while C denotes the Lie derivation. 
A section a of A* satisfying 

< a,a > Lu ji = D^{uj ^ fi) , (2.4) 

for all a G TA, is called the modular cocycle for A associated to the nowhere- 
vanishing section lo0 (j, of L^, and the characteristic class it defines is called 
the modular class of A. 

2.2 Definition of the modular class of a morphism 

Using the cohomology pull-back operation associated to any morphism of 
Lie algebroids, we may make the following definition. 

Definition 2.2. Let Mod^ and Modi? be the modular classes of Lie alge- 
broids A ^ M and B ^ N , and let (<I>, (p) be a morphism of Lie algebroids 
from A ^ M to B ^ N . The relative modular class or simply the modular 
class of{^,(j)) is the class, Mod$, in the 1-cohomology of A defined by 

Mod$ = Mod A - $*(ModS) . 

This definition extends to general morphims that of the modular class 
for base-preserving morphisms given in [12] |17j . 

It follows from the definition that, for Lie algebroids A ^ AI, B ^ N 
and C ^ R, and morphisms ($, (p) from A ^ M to B ^ N and tp) from 
B ^ N to C ^ R, 

Mod(^'o$) = Mod$ + $*(Mod^') . (2.5) 

In the particular case of a base-preserving morphism, $* reduces to 
Therefore (12. 5p (see also (16. ip ) is the generalization of relation (3) of [17] to 
the Lie algebroid morphisms which are not necessarily base-preserving. 

In the following sections, we shall prove that these relative modular 
classes are characteristic classes of representations, and we shall study vari- 
ous examples of such classes. 
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2.3 Modular classes of morphisms as characteristic classes 

We will now show that the modular class of a Lie algebroid morphism from 
A ^ M to B ^ N is the characteristic class of a representation of vl in a 
line bundle, thus generalizing Theorem 3.3 of [T7j to the case of morphisms 
which are not necessarily base-preserving. 

For any Lie algebroid morphism ($, (p) from ^ ^ i\f to i? ^ A^, we set 

and 

where and are defined by ([221) and ([ISD, and <^-{{D^)*) is defined 
in Proposition 11.31 

Theorem 2.3. Let be a Lie algebroid morphism from A ^ M to 

B ^ N. 

(i) is a representation of A on L'^ . 

(ii) The modular class, Mod$, of the morphism (^,(/)) is the characteristic 
class of the representation . 

Proof. The fact that is a representation follows from the basic properties 
stated in Sections 11.21 and 11.31 while (ii) follows from parts (i) and (iii) of 
Proposition 12.11 □ 

The following simple examples will be useful in the next sections. 

Example 2.4. Let ^ ^ Af be a Lie algebroid, [/ C M an open subset and 
A\^ U the restriction of A ^ M to U. Then the modular class of the 
inclusion morphism of — > U into A ^ M vanishes. 

Example 2.5. The modular class of a Lie algebroid isomorphism vanishes. 
In fact, a Lie algebroid isomorphism (<I>, (p) from A ^ M to B ^ N induces 
an isomorphism from the representation of A —)■ M on the line bundle L^ 
to the representation of i3 — * A'^ on the line bundle L^ covering 

3 Pull-back Lie algebroids and pull-back morphisms 
3.1 Definition of pull-backs 

As in Section \1.3\ we denote hy 4>'B ^ M the pull-back of a vector bundle 
S ^ by a map (f> : M ^ N, and for any section b € TB, we denote by 
(p'b the pulled-back section of (j)'B ^ M. 

Definition 3.1. Let B ^ N be a Lie algebroid with anchor ps- A map 
(j): M ^ N is called admissible if the pull-back B ®tn TM , whose fiber at 
m ^ M is {{b,u) € -^^(m) © Tm^f | P_B& = iT(l))u}, has a rank independent 
of m, in which case it is a vector sub-bundle of (f>'B © TM. 
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For instance, any surjective submersion is admissible. If i? ^ is tran- 
sitive, i.e., if pb is surjective, any map into is admissible. The inclusion 
O N, an injective immersion, of any orbit O oi B N, i.e., integral 
manifold of the distribution on M defined by the image of pB, is admissible. 

The following definition is due to Higgins and Mackenzie |13j |22j . 

Definition 3.2. The pull-back of the Lie algebroid (B N,pB, [ , ]b) by 
an admissible map (j) : M ^ N is the Lie algebroid {(/)'■ B — > M,p"^, [ , ]^\\b); 
where 

1. the total space of 4>-^-B ^ M is B ®tn TM, 

2. the anchor map p'^ is the projection onto the second component, and 

3. the bracket is defined as follows. For u,v (z T{TAI), bi,Ci € TB, 
fuQi G C°°(M), satisfying Y^iih « 4>){m)pBM(t){m)) = {T„,4>){u{m)) 
"'^^ J2ii9i ° (p){m)pB{ci{4>{m)) = {Tm(p){v{m)), for all m£ M, 

[(Ei fi ^ bi,u), (Ei 9i «> Ci,v)]^u^ 

= (Ei.j fi9j ® [bi, Cj]B + J2i{u ■ Qi) ®Ci- Y,i{v ■ fi) ® bi, [u, v]tm^ ■ 

For example, the pull-back of ^ by the inclusion O — > of an 
orbit is a transitive Lie algebroid over O (see |22j). 

Remark 3.3. In the case when (/> is a submersion, the bracket, [ , J^ii^, is the 
unique Lie algebroid bracket such that for any b,c G TB and u,v G T(TM) 
satisfying = (T(j)){u) and pb{c) = {T(j}){v), 

[(0-6, u), (0'c, v)]^\\ ^ = {(j)- [b, c]b, [u, v\tm) ■ (3.1) 

The projection onto the first component is a morphism of Lie algebroids 
from (f)''B ^ M to B ^ N, which we denote by <p'l^. 

As an example, we shall determine the pull-back Lie algebroid of the Lie 
algebroid T>F of derivations on a vector bundle F, which exists since VF is 
transitive. 

Proposition 3.4. For any vector bundle F over N, and map M — > A^, 

the Lie algebroids (f>''('DF) andT>{cl)'F) are isomorphic. 

Proof. Recall that a representation of a Lie algebroid ^4 ^ M on a vector 
bundle E ^ M can be seen as a Lie algebroid morphism from ^ ^ M to 
T>E M. Since there is a natural representation D of T>F on F, it follows 
from Proposition 11.31 that (^\D), where $ = 4>'j)p, is a representation of 
(f)"{T>F) on (f)'F. Hence, there is a natural Lie algebroid morphism from 
(t}-\VF) to V{(j)-F). It suffices to prove that this vector bundle morphism 
is an isomorphism; this is an immediate consequence of the fact that the 
vector bundle (p'^VF) is locally isomorphic to the vector bundle {{F^F*)(B 
TN) ®TN TM, which is equal to (F (g) F*) TM, which in turn is locally 
isomorphic to T>[(f)'F). □ 
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A Lie algebroid morphism ($, c/)) from A ^ M to B ^ N is said to be 
a pull-back morphism, if (f) \ M ^ N is admissible and if tlic Lie algebroids 

are isomorpliic. In other words, (p) is a pull-back 
morphism when $ can be written as 

$ = (^1^ o * , 

where ^' is a Lie algebroid isomorphism from A — > M to cp-B ^ M. 

3.2 Pull-backs by transverse maps have vanishing modular 
classes 

3.2.1 Transverse maps 

We first recall some well-known facts about short exact sequences. Let 

0^Vi^V2^V3^0bea short exact sequence of finite-dimensional 
vector spaces, and let r = dim(V3). There is a canonical isomorphism, 

defined by 

X^Y^ i{X) A Y , 

for all X e A^°Wi, Y G A*°pF3, where Y is any element in A''F2 such that 
(A'^p) Y = Y. Given an exact sequence ^ £'i -^^ £'2 -E3 ^ of vector 
bundles over a manifold M, the previous isomorphism applied pointwise 
yields a canonical isomorphism of line bundles, 

A*°P£;i ® A*°P£:3 ^ A*°PE2 , 

that we call the canonical line-bundle isomorphism. 
We now define transverse maps. 

Definition 3.5. A map ^ : M —>■ N is said to be transverse to a Lie 
algebroid B ^ N if, for all m G M , 

{T<P){T^M) + PB{B^im)) = T^{m)N. 

Requiring to be a transverse map amounts to requiring that the fol- 
lowing be an exact sequence of vector bundles, 

Q^B ®TN TM ^ (P-B ®TM ^ (P'TN , (3.2) 

where i is the inclusion map, and p{(j)'b u) = 4>'{iT4>)u — psb), for all 
b £ B and u G TM. In particular, the rank of B ®tn TM is constant, and 
the pull-back Lie algebroid 4>"B is well-defined. We have thus proved the 
following result. 
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Lemma 3.6. Any map (p : M ^ N transverse to a Lie algebroid B —> N 
is admissible. 

Let be a pull-back morphism from a Lie algebroid A ^ M to 

B ^ N, with (j) transverse to B ^ N. By definition, the Lie algebroids 
A^ M and (p-B M are isomorphic. To the short exact sequence p.2p 
is associated a canonical isomorphism of line bundles, 

A^°P {(j)'-TN) ® A*°P^ ^ A*°P(</.'5 e TM) = A*°p(0'S) A*°p (TM) . 

In turn, this isomorphism induces a canonical isomorphism of line bundles, 

A*°P A (g> A*°P (T*M) ^ A*°P(</.'S) A*°P(0'(T*iV)) . (3.3) 

The left-hand side of ([33]) is the hue bundle (see ([22]) in Section [2J]) , 
while the right-hand side is the line bundle cj)'L^ . In conclusion, in the case 
of a pull-back morphism from ^ ^ M to -B ^ over a transverse map, 
([3.3p is a canonical line bundle isomorphism from to (^'L^ that we denote 
by t'^ . In the next sections we shall prove that 

is an isomorphism of ^-modules. The proof of the following lemma is 
straightforward. 

Lemma 3.7. Let ($, 4>) he a pull-hack Lie algehroid morphism from A ^ M 
to B ^ N , with 4> transverse to B ^ N , and let (^','0) he a pull-hack Lie 
algehroid morphism from B ^ N to C ^ R, with ^ transverse to C ^ R. 
Then, 

(i) o is a pull-hack Lie algehroid morphism from A ^ M to 

C ^ R, with ip o (j) transverse to C ^ R, and 

(a) the following diagram of line hundle isomorphisms over M, where cp-i'^ : 
(j)'L^ ^ (ji'^l^'L^ is the isomorphism ohtained hy pulling hack the isomor- 
phism £^ : L^ ^ ip'L'^ , commutes. 




3.2.2 Pull-backs by submersions 

Any submersion (f) : M ^ N is transverse to any Lie algebroid over A^. We 
shall now prove a property of the pull-backs by submersions. 
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Proposition 3.8. (i) When (p is a submersion, the canonical isomorphism, 
& : L"^ 4''L^ , is an isomorphism of A-modules. 

(ii)The modular class of a pull-hack morphism from a Lie algebroid 

A ^ M to a Lie algebroid B ^ N vanishes whenever (f) : M ^ N is a 
submersion. 

Proof. By Example 12.51 and Equation p.Sp . we can assume that A = (t>''B, 
and ($, 4>) = {4>'b, 4>)j and by Theorem l2.3l it suffices to prove tliat tlie canon- 
ical isomorphism, i'^ : L^ ^ (p'L^ , is an isomorphism of representations of 
A — > M. It suffices, for that purpose, to prove that i'^ is an isomorphism 
of representations of — > U, after restriction to some neighborhood U of 
an arbitrary point m £ M. This restriction allows us to assume that all the 
line bundles involved in the computations below are topologically trivial, 
i.e., admit global nowhere- vanishing sections. 

Let fi and be volume forms defined on U G M and (j){U) C N, re- 
spectively, and let o" be a nowhere- vanishing section of A*°P-B over 4>{U). 
Henceforth, it will be understood that all sections of vector bundles over M 
(resp., A^) are defined only over U (resp., (p{U)). 

Let F ^ M he the vertical tangent bundle of the submersion (j) : 
M — > A^. Then —>■ F —>■ TM — > (f>'TN — > is an exact sequence of 
vector bundles over M, and there is a canonical isomorphism, 

K : A*°PF ® A*°P(r*M) ^ A*°P(((/)'riV)*) ^ 0'(A*°P(r*iV)) , 

such that K{t ® h) = Lrfi, for r G r(A*°PF). 
section of a*°P-F over U such that Lr^i = (t)*^ 
Since i;^ is a submersion, the sequence - 
so there also exists a canonical isomorphism, 

J : A*°P(0'5) ® A*°PF ^ A*°PA . 

Therefore, one can define a nowhere-vanishing section uj of f\^°'^A over U C 
M by 

oj = J{4>'a (g) r) . 
It is routine to verify that the canonical isomorphism & satisfies 

^'>'{oJ®^i)=(|)■{a®u) . (3.4) 

The modular cocycle for B with respect to the nowhere- vanishing section 
a®u oi L^ = A*°P-B ® A*°P(r*iV) is the section [3 € T{B*) such that, for 
any b S VB, 

< l3,b > a ® = [b, (t]b ® u + a ® Cpg^v . (3.5) 



We define r to be the unique 
> F — > yl — > (f)'B — > is exact. 
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The modular cocycle for (j)"B with respect to the nowhere- vanishing 
section wO/u of L"?^"^ = A*°P((/>''-B)(g)A*°P(r*M) is the section 7 G r((</>''5)*) 
such that, for any c € T{(j)'^'B), 

< 7, c > (g) ^ = [c, u)\^\\ 5 ® /i + w (g) Cu^i , (3.6) 

where c = + u, with 6 E Fi? and u G r(TM) such that psb = {T(f>)u. 
We shah now prove the relation 

7 - = 0. (3.7) 

Assuming, without loss of generality, that, locally, o" = 61 A . . . A 6p, with 
{bi, . . . ,bp) a local basis of sections of B, where p is the rank of B, then 
uj = J{(t)-a r) = {(p-bi + ui) ^ {(f>-bp + Up) A r, where Uk £ r(rM), 
/c = 1, . . . ,p. Therefore, by (j3.1|) . 

[c, u;]^!! 5 = [0^6 + ti, ((/)'6i + til) A . . . A (0'6p + -Up) A r)]^.! ^ 

p 

= ^(-l)'=+i[(/)'6+u,0'6fc+nA,.]<^nBA(</)'6i+ui)A. . .A{4>% + Uk)A. . .A{(t>-bp+Up)AT 
k=l 

+ {(p-bi + ni) A . . . A (0'6p + Up) A [ct^'b + u, r]^!!^ 

p _^ 

= ^{-^f^^{<l^'[b, bk]B + [u,Uk]TM)r\{<t^-bi+ui)A. . .A{(l)% + Uk)A. . .A(</.'6p+'Up)Ar 
fc=i 

+ ((/>'6i + ui) A . . . A (0'6p + Up) A [u, t]tm ■ 
This formula implies that 

[c, cj]^!! ^ = J ^(^'fj (g) [ti, r]TM + [b, (t]b ig) ■ 

Now 

£■^(0; (g) ^) = &{J{(p-a (g) r) (g) ^) = 0'(T (g) = 0'o- (g 0*z^ = (P*{a®iy) . 
It follows that 

< 7, c> £*(a; (g /i) =< 7, c > (?:)*(fT (g) u) 
= (^J((^'([6,o-]b (gr) (g/i) + J{(j)'a (g [n, rJrAf) ® M + »''('?^''7 t) (g £„^^ 

= 0- [b, a]B (g) /-rAi + (g) (t[^i,^]j,^,^/i + ir>Cu^) . 

From [Cu, i^r] = ^[u,t] find irfJ- = we obtain 

l^[u,T]TMf^ + l^rCufJ- = CuLrt^ = Cu{4>* v) = 4>* {C- {T 4>)u1^) = <P* i^psb^) ■ 

Equation (j3.7p is therefore proved and implies that 

c- {uj ^ fi) = (j)-[b- {a ® ly)) , 

for any section c S TA of the form c = ^'6 + ti, with psb = {T(f>){u). This 
relation, together with Equations ()3.4p . ()3.5p and ()3.6p . proves that ^''^ is an 
isomorphism of representations of A ^ M. □ 
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3.2.3 Pull-backs by transverse maps 

We shall need the following lemma. 

Lemma 3.9. Let n ^ N he a point in the base manifold of a Lie algehroid 
B ^ N , q the rank of the anchor map pB at the point n, and q + s the 
dimension of N. There exist 

• a surjective submersion ip from a neighborhood V of n to an open 
subset W ofW, and 

• a Lie algebroid C ^ W 
such that 

• the anchor pc vanishes at the point ip{n), and 

• the restriction to V of the Lie algebroid B ^ N is isomorphic to the 
pull-back ip''C of the Lie algebroid C ^ W by ip. 

Proof. By a theorem of Dufour (see Theorem 8.5.1 in [6]), there exist local 
coordinates (xi, . . . , Xg, yi, . . . , ys) on N, centered at n, and a local trivi- 
alization ai, . . . , aq,Pi, . . . , of B, where q + r = rankS, such that, for 
^ < i-iJ < q and 1 < a, 6 < r, 

PsiPa) 

^ [f3a,Pb] 

where and /^^ are functions of yi, . . . , y<j, and ^^(0, . . . , 0) = 0. In par- 
ticular, the last two relations define a Lie algebroid structure C — > in a 
neighborhood of in whose anchor vanishes at 0. All together, these 
formulas show that B ^ N is isomorphic to the pull-back of C ^ by the 
projection . . . , Xg, yi, . . . , y^) = {vi, ■ ■ ■,ys)- □ 

We can now prove the main result of this section. 

Theorem 3.10. The modular class of a pull-back morphism from a 

Lie algebroid A ^ M to a Lie algebroid B ^ N , when (j) : M ^ N is 
transverse to B ^ N , vanishes. 

Proof. As in the proof of Proposition 13.81 it suffices to prove that & is 
an isomorphism of representations of U, after restriction to some 

neighborhood U of an arbitrary point m € M. 

By Lemma 13.91 there exists a neighborhood ^ of n = (j){m), a submer- 
sion ip : V ^ W, and a Lie algebroid C ^ W whose anchor vanishes at 





d 
dxi 



I^c=l fab /^C) 
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= 11)0 (f>{m), such that = tp'-'C. Since the anchor map of C ^ W 
vanishes at the point ip{n), the differential at the point m of the transverse 
map ipocpis onto, so that, shrinking U, V and W if necessary, we can assume 
that ijj o (p is a submersion from U onto W. 

By Proposition 13.81 the restriction of to U is an isomorphism of 
representations of Ay U from to ("0 ° 4>yL'^. Since is a submer- 
sion, the restriction of £^ to V also is an isomorphism of representations of 
By —> V from to ^p'L'^ . Hence, the restriction of 4>'i^ to U is an iso- 
morphism of representations of Ay U from <p'L^ to (p'x/j'L'^. By Lemma 
I3.7l fii). the restriction of i'^ to U is also an isomorphism of representations 
of U from L"^ to <p'L^ , which completes the proof. □ 

Proposition 3.11. // is a Lie algebroid morphism from A ^ M to 

B ^ N , and if (f) is admissible with respect to B ^ N , the map A ^ B 

factors as a composition of maps A (l)--B B, where is a morphism 
of Lie algebroids over M . 

Proof. When (p is admissible with respect to B N, the subbundle (f)''B of 
(j)-B®TM is well-defined. For m G M and a G A^, the pair {(p-{^{a)), pA{a)) 
is in the fiber of (I)''B at m since pB o ^ = Tcj) o p^. Setting $'(a) = 
(i^'($(a)), /3^(a)) defines a vector bundle map over the identity of M from 
A to (I)''B such that ^ = (f>'^ o To prove that is a Lie algebroid 
morphism, we write, for any a G TA, (/)'(<^a) = Ylii fi4>'{bi), where fi G 
C°°[M) and bi G TB, and for o and a' G FA, we express the bracket 
[4>'{(^a),(t)\^a'y\^\\B according to Definition 13.21 The result then follows 
from Theorem 4.6 of [3]. □ 

The following is then a corollary of Theorem I3.1U[ 

Proposition 3.12. Let 0) be a Lie algebroid morphism from A ^ M to 
B ^ N with the map (p : M ^ N transverse to B ^ N , and let = 0^ o 
as above. Then 

Mod $ = Mod . 

This result shows that the modular class of any morphism which covers 
a transverse map is in fact equal to the modular class of a base-preserving 
morphism. 

Remark 3.13. When (j)is a transverse map. Proposition II .31 has the follow- 
ing simple proof. The Lie algebroid morphism D: B ^ T>F over gives 
rise to a Lie algebroid morphism (j)"D from (j)'^'B to (p"{'DF) over M. Since, 
by Proposition [331 (f)''{T>F) is isomorphic to Ti{cj)'F), the pull-back represen- 
tation is obtained as the composition of Lie algebroid morphisms over M, 

A ^ (/>"i? ? a representation of A on satisfying condition 

(dH). 
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3.3 A pull-back morphism with a non-vanishing modular 
class 



We now give a counter-example which shows that Theorem 13.101 does not 
extend to the case in which (p is not transverse but only admissible in the 
sense of Definition 13.11 

Let N = X M be a cylinder with coordinates (0, x), with 6 £ and 
X G M. Let B ^ N he the Lie subalgebroid of TN — > generated by the 
vector field 

whose integral curves spiral in toward the invariant circle x = 0. The vector 
field X is a nowhere-vanishing section of r(A*°PS) = TB, while dx A d^ is 
a nowhere-vanishing section of A*°P(r*iV) = A^{T*N). Let /? € r{B*) be 
the modular cocycle for B with respect to the nowhere-vanishing section 
X (dx A de) of A*°PB (g) A*°P(T*iV). We shah compute /3 by evaluating it 
on X, 

< f3,X > X 0{dx AdO) = (X (g) (dx A d^)) 

= X0Cx{dxAde)=X^{dxAde). 

In conclusion, the modular class of ^ is the class of the section /? of 
B* which satisfies 

<P,X> = 1. (3.9) 

Let M = and let (/> : M — > be the inclusion map defined by 
(f)(9) = (9, 0). We observe that, by construction, for all m £ M, 



■ (3.10) 



The pair {T(j), (p) is a Lie algebroid morphism from TM — > M to TN 
N which takes values in B ^ N and yields a Lie algebroid morphism 
from TM ^ M to S — > iV, which we denote also by {T<j),(p). Since the 
Lie algebroid TM ^ M is unimodular, the modular class Mod (Tcj)) is 
- {T*(j)){ModB), and the latter is, according to (fT^ and (fTTU]) . the class 
of the 1-form — P on S^, where < /3, ^ > = 1. In other words, the relative 
modular class of (T(/>, (j)) is the class of — d^, and is therefore non-trivial. 

Although the map 4> is not transverse, it is admissible, being the inclusion 
of an orbit. It is easy to show that the pull-back Lie algebroid (f>"B — > M is 
the Lie algebroid TM M, and that the map 0'' : TM ^ TN is {T(j), (p). 
Therefore, we have found a Lie algebroid B over A^ and an admissible map 
(j): M N for which the modular class of the Lie algebroid morphism 
(j)'^ : (j) ' B ^ B does not vanish. 
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3.4 The 1-cohomology of the pull-back by a surjective sub- 
mersion 

We first prove a lemma whose result will be used in the proof of Proposition 

MB 

Lemma 3.14. Let (/) : P ^ M be a surjective submersion with 1-connected 
fibers, and let F be the vertical tangent bundle of 4>. For any section 
(3 G V{F*) whose restriction to each fiber is a closed 1-form, there exists 
a smooth function f € C^{P) such that, for all u F, 

d/(n) = . 

Proof. Let (T^)ig/ be an open cover of M which admits local sections of (p, 
(^i '■ Vi ^ P, and let {xi)iei be a partition of unity associated to (Vi). 
On 4>~^{Vi), one can define a smooth function fi by fi{p) = Jq P['y'{t)^dt, 
where 7(t) is any path of class contained in the fiber of p with endpoints 
7(0) = o'i{(j){p)) and 7(1) = p. Since the fibers are 1-connected, this function 
is well-defined. It is differentiable and d/j(n) = P{u), for any u G F^y^. 
Therefore, the function / = "^^^jixi ° fi is a smooth function on P such 
that d/('u) = for all it G F. □ 

The following proposition (see [1] [8] [11]) describes an important prop- 
erty of the cohomology of pull-back Lie algebroids. 

Proposition 3.15. Let A ^ M be a Lie algebroid, and let (j) : P ^ M be 

' — ■ — ■ * 

a surjective submersion with 1-connected fibers. The map {<p'X) induces an 
isomorphism from H^{A) to H^^cfi'^'A). 

Proof. We denote {4>'j^ by (p. We first prove that the map induced by (p 
is injective, making no assumption on the fibers of (p. Let a G T{A*) be 
a d^-closed section such that (pa is exact, i.e.., such that (pa = d^^ii^/, for 
some function / G C^{P). We recall that the vertical tangent bundle F of 
the surjective submersion : P ^ Af is a subbundle of (p"A — s- P, and that 
{(pa){u) = 0, for all u G F. As a consequence, d/(u) = 0, for all u £ F, and 
the function / is basic, i.e., there exists a function g G C°°{M) such that 
f = g o (p. Since {(p\, (p) is a Lie algebroid morphism, 

(pa = d^!!^/ = (p{dAg) . 

Since the map (p\ is a surjective bundle map, the above equation implies 
that a = dAd, and therefore that a is exact. In conclusion, the map induced 
by (p in cohomology is injective. 

We shall now assume that the fibers of (p are 1-connected in order to 
prove that the map induced by (p is surjective. Let 7 G r((^"^)*) be a 
d^ii^-closed section. Its restriction to F is a fiberwise closed 1-form that 
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we denote by /5. By Lemma 13.14^ there exists a function / G C°°{P) such 
that P{u) = df{u) for all u & F, i.e., for all vectors tangent to the fibers of 
(p. This implies that 7' = 7 — d^i:^/ is a closed section of r{{(f)''A)*) whose 
restriction to F vanishes. We shall prove that 7' is the image under (f> oi a 
section a £ r(^*). For a G TA and u € T(TP) such that pA_a = {T(j))u, let 
us set ((/)')*a(a) = j'{4>'a + u), and let us show that the 1-form a on yl is 
well-defined. The function 7'(0'a + u) does not depend on the choice of u 
since the restriction of 7' to F vanishes. It is also basic since, spelling out 
the fact that 7' is a closed section, we obtain, for any section v € TF, 

= (d</,"A7')(<A'a + u,v) =u- -f'{v) - v ■ j'{(l)-a + u) - 7'([0'a + u, v]^':.^^) . 

Since v and [4>'a + u, v]^<.\j^ = [u, v] are sections of F, 

V ■ 'y'{(j)'a + u) = . 

By construction, a is a closed section of A*. In conclusion, (p induces a 
surjective map in cohomology. □ 



4 The case of a regular base-preserving morphism 

4.1 The modular class of a totally intransitive Lie algebroid 

Let A ^ M he a totally intransitive Lie algebroid, i.e., such that pA = 0. 
Then, for a e TA and uj p e r(L^), where = A*°pA (g) A*°P(r*M), 

D^{uj <^ p) = [a, uj]a <8) p . 

By definition, D^{u> (8) p) =< a,a > uj ® p, where a € T{A*) is a modular 
cocycle for A, whence < a, a > oo = [a, oj\a- Since the anchor of A vanishes, 
at each point m G M, 

where the bracket is the Gerstenhaber bracket on the exterior algebra of the 
fiber at m which is a Lie algebra A^- Since uJm is a volume form on A^, 
Oim G is a modular cocycle for the Lie algebra A^, considered as a Lie 
algebroid over a point. Therefore 

Proposition 4.1. At each point of a totally intransitive Lie algebroid, the 
value of a modular cocycle is a modular cocycle for the fiber at that point. 

In degree 1, the linear space of cocycles of the Lie algebroid is the co- 
homology space H^{A) of the Lie algebroid, and similarly for each fiber Lie 
algebra. Therefore 
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Corollary 4.2. In a totally intransitive Lie algehroid, the value of the mod- 
ular class at a point is the modular class of the fiber at that point. 

Whenever A is a Lie algebra bundle, i.e., locally trivial as a family of 
Lie algebras, the derived bundle [A, A] of A also is a Lie algebra bundle [2T] 
[22], and H^{A) is the space of sections of the bundle (^/[^, ^])* whose 
rank is the co-rank of However, when the Lie algebroid A is only 

totally intransitive, a Lie algebroid 1-cocycle on A is a smooth family of Lie 
algebra cocycles for the fibers, but a cocycle for a given fiber might not be 
extendable to a cocycle on a neighborhood in M, as shown by the example of 
a 1-parameter family of semi-simple algebras whose Lie bracket degenerates 
to the zero bracket when the parameter equals zero. 

4.2 Unimodular extensions of transitive Lie algebroids 

Let C, A, B be Lie algebroids over the base M with anchors pc^ PA and pB, 
and brackets [ , ]cj [ > ]a and [ , ]b, respectively, and let 

— >C ^ A^ B — ^0 

be a Lie algebroid extension |21) |22] . i.e., i and <I> are base-preserving Lie 
algebroid morphisms, and the sequence is exact. Then C is totally intransi- 
tive since pc = pA^i = PB°^°i = 0. We assume that B is transitive, which 
implies that C is a Lie algebra bundle (see [21] [22] for the case B = TM). 

We shall also assume that the Lie algebra bundle C is unimodular, in 
which case we call the Lie algebroid extension unimodular. By Proposition 
14.11 this is the case if and only if each Lie algebra Cm , m G M, is unimodular. 

Finally, for simplicity, we shall assume that the vector bundles under 
consideration are orientable, although the results are valid without this hy- 
pothesis. 

The adjoint action defines (see [22]) a representation D^''-" of the Lie 
algebroid A on C by 

iiD^'''k) = [X,i{k)]A, (4.1) 

for X G TA and k € TC, and this representation induces a representation 
D^'^ of the Lie algebroid ^ on = A*°pC such that, for A G FK, 

(A^i)(Z)J'^A) = [X,(A^.)AU, (4.2) 

where r is the rank of C and [ , ]a denotes the Gerstenhaber bracket on 
T{A'A). The unimodularity of C implies that A can be chosen so that, for 
ah k G rC, [k, X]c = 0. Thus 

(A'^0(Z)lJ,f A) = m, iA^i)X]A = {A^i)[k,X]c = . 
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As a consequence, the representation D ' factors through the projection 
$ : ^ — > 5, and yields a representation D^'^ oi B on K such that 

Z^f^J)A = D^'^A, (4.3) 

for all X G TA. 

An immediate consequence of Proposition I2.ir iii) is 

Lemma 4.3. The characteristic classes of the representations D^'^ and 
jjA,K ^j,g related by 

diavD^'^ = $*(charL»^'^) . 
A computation of the characteristic class of D^'^ yields 

Lemma 4.4. The characteristic class of the representation D^'^ is the 
modular class of^. 

i $ 

Proof. Since the sequence — > Cm — > Am — > Bm — > is exact for all 
m G M, there exists an isomorphism of vector bundles, J : A*°pAC3A*°P-B* — > 
A*°PC, such that 

{/\^i)J{uj /U) = i^*^U! , 

for u e r(A*°P^) and G r(A*°P5*). 

Let -D* be the representation of A on A*°pA (g) a*°P-B* such that the 
characteristic class of is the modular class Mod$ of Recall from |17] 
that 

D%{u^lj,) = [X,w]yi(8)^ + w(8)£f(^)// , 

for X G TA. The isomorphism J intertwines the representations Z?* and 
D^'^ of A. In fact, for any X G TA, 

(A''«)J(D*(w ® ^)) = i^*^[X,uj]A + ''£^($*^)W = [X,i^*f,uj]A 

= [X, (A"i) J(l<j ^)]a = (A'^i)i?J'^(J(L<; (8 ^)) . 
The conclusion follows since i is injective. □ 

The preceding lemmas imply the following theorem. 
Theorem 4.5. For a unimodular Lie algebroid extension, 

— >C ^A^B — .0 , 
the modular class of $ satisfies 

Mod $ = (char , (4.4) 

where K = A*°pC, and D^^^ is defined by (fOD . 

Remark 4.6. It follows from the proofs of Lemmas 14.31 and 14.41 that the 
relation ()4.4|) holds at the cochain level. More precisely, if 9 is the d^-cocycle 
defined by D^{uj (g) /i) =< 6,X > lu fi, for all X G TA, and r] is the ds- 
cocycle defined by Dp^ \ =< r],Y > A, for all Y G TB, then (9 = 
whenever J(cj (g ^u) = A. 



23 



4.3 Morphisms of constant rank with unimodular kernel 

Let us assume more generally that the Lie algebroid morphism A ^ A' 
over the identity of M has constant rank, and that the kernel C = ker $ is 
a unimodular Lie algebra bundle. Let B be the image of A under <I>, and 
let $B be the morphism from A onto B induced by To express Mod^B, 
we can apply Theorem 14.51 to the unimodular Lie algebroid extension, 

— >C ^ A^ B — ^0. 

Therefore 

ModA- ^%{ModB) = ^^{diav D^'^) . 

On the other hand, there is a representation £)B,a^°p(A' /B) ^ A^°^{A' /B). 
li iB is the inclusion of B into A' , then a computation shows that 

iUModA') - Mods = charZ)^'^"''(^'/B) . 

Since ^ = zb o ^b, and since Mod<I> = Modyl - ^*{ModA'), we obtain 

Theorem 4.7. Let ^ : A ^ A' be a Lie algebroid morphism over the identity 
of M whose image B has constant rank and whose kernel is a unimodular 
Lie algebra bundle C . Then the modular class of satisfies 

Mod $ = $^(char D^'^ - char Z)5.A-p(A'/i?)) ^ (4 5) 

where K = A*°pC, and D^'^ is defined by (jOj) . 

4.4 Examples 

4.4.1 Transitive Lie algebroids 

We apply the results of Section 14.31 to the case where B = TM and ^ is the 
anchor map pA of a transitive Lie algebroid A. The modular class of $ is 
then the modular class of the Lie algebroid A. As in Section [4.21 we assume 
that the isotropy bundle C = kerp^ is unimodular. 

hi this case, the representation D^'^ of B = TM is a natural flat con- 
nection V on K = A*°PC. The characteristic class charD^'^ is the class 
of the closed 1-form a on M such that, for ah X G T{TM) and X eTK, 
VjfA =< a,X > A. Therefore Theorem 14.51 implies that 

Mod^ = p:4(char(D^^^'^'°'('^^=^^A)) . 

In particular, if M is simply-connected, any transitive Lie algebroid over M 
with unimodular isotropy bundle is unimodular. 
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4.4.2 Regular Poisson structures 

Let S be a Lie algebroid with a Poisson or twisted Poisson structure [16] |18j 
defined by a bivector vr G r(A^-E'). Assume that the structure is regular, i.e., 
the associated map, ir^ : E* E, is oi constant rank. Applying Theorem 
14.51 to A = E*, B = Im(7r'') and $ = tt^, the submersion from E* to 
B = Im(7r'^) defined by tt^, we recover Lemma 2.3 of ^18j, which is written, 
in the notations that we are using here, 

Modvrfj = (4)*(charD^'^) . 

In this case, the representation D^^^*'°'^i^ 1^) ig dual to D^'^ , and therefore 
Theorem 14.71 yields 

Modvr^ = 2(7rf3)*(charD^'^) , (4.6) 

which is Theorem 2.5 of [18j. 

In the case of a Poisson manifold, (M, vr), the integrable distribution 
B C TAI defines the symplectic foliation, and (j4.6p implies Corollary 9 of 
[1]. In particular (see |26]). 

Proposition 4.8. A regular Poisson manifold is unimodular if and only if 
its symplectic foliation admits an invariant transverse volume form. 

5 Generalized morphisms of Lie algebroids 

5.1 The category of Lie algebroids with generahzed Lie al- 
gebroid morphisms 

There are several ways to define what could be called generalized morphisms 
of Lie algebroids, as an analogue to the definition of the generalized mor- 
phisms of Lie groupoids [2j [23j. Here, we follow the basic idea of Ginzburg 
|10j . who defined Morita equivalences, but allowing enough generality to 
include all ordinary morphisms. 

Definition 5.1. A generalized morphism V from a Lie algebroid A ^ M 
to a Lie algebroid B ^ N is a manifold P together with 

• a surjective submersion (f) from P to M , and 

• a Lie algebroid morphism (^','0) from (j)''A P to B ^ N. 
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We denote a generalized morphism by a triple, V = (P, (p, (^', ip)). 

An isomorphism between generalized morphisms Vi = {Pi,(f)i,('^i.tpi)), 
i = 1,2, from A ^ M to B ^ N is & diffeomorphism a : Pi ^ P2 that 
intertwines both 0i and 02, and ^'i and ^'2- More precisely, it is a diffeo- 
morphism such that the following diagrams commute. 





where a is the Lie algebroid isomorphism from 4>iA to 02^ induced by a, 
defined by 

a{4>\a + u) = 02^ + (Ta) u , 

for all a G ^^^(p), p G Pi, u G TpPi, where pAa = {T(pi)u. It is clear that 
the isomorphism of generalized morphisms is an equivalence relation. 

We shall now prove that generalized morphisms can be composed. Let 
V = (P, (p, tp)) be a generalized morphism from a Lie algebroid A ^ M 
to a Lie algebroid B ^ N, and let V' = {P' ,<p' ,{^' ,ip')) be a generalized 
morphism from a Lie algebroid B ^ N to a Lie algebroid C ^ R. Consider 
the following data: 

• the set P" = P x ^jv.i;!)' P' ■, which is a manifold since (p' is a surjective 
submersion from P' to N , 

• the map cp" defined by cp"{p,p') = (p{p) for all {p,p') G P", which is a 
surjective submersion, 

• the Lie algebroid {(p")"A P" whose fiber over {p,p') G P" is 



[{f)-a + u + ve{<P")-Ap 



TpPi 



Tp,P' 



PAa = {T(P)u, {Ti;)u = {T^')v'j 
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We can then define a vector bundle map ^" from {ct>")-A to C by 
^'"((0")'a + u + v) = '^' (^((/>')'^(0'a + u) + . 

This vector bundle map is, in fact, a Lie algebroid morphism covering 
the map ip" : P ^ R defined by ip"{p,p') = ip'{p'). Therefore V" = 
{P",(j)", {'^",tlj")) is a generalized morphism from A ^ M to C —>■ R. The 
compositions of isomorphic generalized morphisms are isomorphic, and the 
associativity of the composition is valid up to isomorphism. These properties 
justify the following definition. 

Definition 5.2. (i) The category of Lie algebroids with generalized Lie al- 
gebroid morphisms is the category .Algd' in which 

• objects are Lie algebroids, 

• arrows are isomorphism classes of generalized morphisms, and the 
identity arrow of a Lie algebroid A ^ M is the isomorphism class 
of the generalized morphism {M,idM, {idA, ^dM))- 

(ii) A Morita equivalence from a Lie algebroid A ^ M to a Lie algebroid 
B ^ N is a generalized morphism V = {P, (f), tp)) where ip) is a pull- 
back Lie algebroid morphism covering a surjective submersion tp : P ^ N . 

5.2 Modular classes of generalized morphisms 

We now consider generalized Lie algebroid morphisms V = {P, (f), ,tp)) 
such that the fibers of the map cf) : P ^ M are 1-connected. The composition 
of two such generalized morphisms satisfies the same condition (see |10j). 
and therefore generalized Lie algebroid morphisms with 1-connected fibers 
define a sub-category .Algd'^ of the category .Algd' of Lie algebroids with 
generalized Lie algebroid morphisms. 

We recall from Proposition 13.151 that a pull-back morphism covering a 
surjective submersion (j) with 1-connected fibers induces an isomorphism of 
Lie algebroid cohomologies in degree 1 , which we have denoted by (p. We can 
now define the modular class of a generalized morphism with 1-connected 
fibers. 

Definition 5.3. When V = {P, (j), is a Lie algebroid generalized mor- 

phism with 1-connected fibers, its modular class is the image of the modular 
class of by cl)~^ . 

The modular class of V is an element of H^{A) which we denote by 
ModT'. When V = {P,(f>, {^,^p)) is a generalized morphism from A ^ M 
to B ^ N such that the fibers of (p are 1-connected, we denote by V* the 
map from H^(B) to H^{A) induced by (p~^ o vl'*. It is clear from diagram 
()5.2p below that isomorphic generalized morphisms induce the same map on 
the 1-cohomology. 
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Theorem 5.4. (i) The modular classes of isomorphic generalized mor- 
phisms with 1- connected fibers are equal. 

(ii) The modular class of the composition of two generalized morphisms V 
and V' with 1- connected fibers is 



Mod{V' oV)= Mod V + V* (Mod V) . 



(5.1) 



(Hi) The modular class of a Morita equivalence with 1- connected fibers van- 
ishes. 

Proof, (i) Let o" : Pi — > P2 be an isomorphism between generaUzed mor- 
phisms Vi = {Pi, (^'i, ipi)), i = 1,2, from a Lie algebroid A ^ M to a. Lie 
algebroid B ^ N. Denote by & the Lie algebroid isomorphism from (j)iA to 
induced by a. The fohowing diagram commutes. 




A 



^lA 



(5.2) 




B 




A 



Since a induces an isomorphism of Lie algebroid cohomologies in degree 1, 
and since, by Proposition 13. 151 the modular classes of (piA and </>2^ vanish, 
the result follows from the commutativity of the above diagram. 

(ii) The projection onto the first component, x'P" = P ^i>,N,<j)' P' P-, 
is a surjective submersion, and there is a natural identification of Lie al- 
gebroids x'{(j)'^'A) ^ (0")''A. There is also a Lie algebroid morphism 
H : ((/)")''A {<p')''B, covering the projection onto the second component 
P X, 



e : P" 



, P' 



P' , defined by 



S((0")'a + u + v) = {<t)'y^{>p-a + u)+v , 



for a G j4, n G TP, v € TP' such that p^a = {T(j))u and {TTp)u = {T(l)')v, 
and the following diagram of Lie algebroid morphisms commutes. 




By Proposition 13.151 all arrows pointing "south-west" induce isomorphisms 
of Lie algebroid cohomologies in degree 1. Since, by Proposition 13.81 each 
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has a vanishing modular class, the result follows from the commutativity of 
the above diagram. 

(iii) is an immediate consequence of Proposition 13.81 □ 

Theorem 15.41 (i) shows that the modular class of an isomorphism class 
of generalized morphisms with 1-connected fibers is well defined, while ()5.ip 
generalizes formula (|2.5|) . 

6 Appendix: Representations of categories and 
the modular class 

6.1 Representations of categories 

Let R be a commutative ring. A representation of a category C over R 
is a functor F from C to the category of R- modules [l] [9]. An anti- 
representation of a category C is a representation of the opposite category. 

When the category C is a Lie groupoid G =^ X, and R is the field of real 
numbers, we assume that the vector spaces F{x) associated to the objects, 
i.e., points, x in X are the fibers of a smooth vector bundle. The assignment 
of vector bundle morphisms to the morphisms in G is just an action of G in 
the usual sense; we assume that this action is smooth. 

Example 6.1. A representation of a Lie group considered as a groupoid 
over a point is a representation in the usual sense. 

Example 6.2. A representation of the action groupoid associated to the 
action of a group H on a manifold X is the same as an ff-equivariant vector 
bundle over X. 

Remark 6.3. Representations of Lie algebroids are "infinitesimal represen- 
tations" ; they may occur as linearizations of representations of Lie groupoids. 

6.2 i/^ as an anti-representation of the category of Lie alge- 
broids 

Assigning to each object A of ^Igd the vector space H^{A) and to each Lie 
algebroid morphism $ : A — > where {A,B) is a pair of objects in ^Igd, 
the linear map <I>* : H^{B) — > H^{A) defines an anti-representation of this 
category over M, i.e., a functor from ^lgd°PP to the category of M-modules, 
which we may denote by H^. The results of Section [5] show that is also 
an anti-representation of ^Igd'j^ . 



29 



6.3 Cohomology of a category with values in an anti-represen- 
tation. 

The 0-cochains on a category C with values in an anti-representation F 
assign to any object yl of C an element of F{A). The A:-cochains, A; > 1, 
are maps from A;-tuples of composable morphisms with source A, where A is 
an object of C, to F{A). The differential 5 is defined by the usual formula. 
This definition is simpler than the one which we have found in the literature 
(see, e.g., [I] [9]), but it defines the same object in the cases studied here, 
and seems therefore to be good enough for our limited purposes. 

In particular, the coboundary of a 0-cochain u with values in F is the 
1-cochain 5u defined by ((5n)($) = u{A) — F(^){u{B)), for any morphism 
^ : A ^ B. If I) is a 1-cochain with values in F, its coboundary 6v assigns 

to a pair ($,^') of composable morphisms, A ^ B C, where {A,B,C) 
is a triple of objects in the category, the element {6v){^,^) which is the 
alternating sum v{^) - o $) -|- F{^){v{^)) in F{A). 

6.4 The modular class of morphisms as a 1-coboundary. 

A 0-cochain on ^Igd with values in assigns to any object A of ^Igd an 
element of H^{A). The modular class of Lie algebroids is a 0-cochain Mod 
on ^Igd (resp., on ^Igd'^) with values in the anti-representation H^. 

A 1-cochain assigns to a morphism <I> : ^4 — > i? an element of H^{A). 
The coboundary of a 0-cochain u on ^Igd with values in is the 1-cochain 
6u defined by {5u){^) = u{A) — ^*{u{B)). In particular, 

((5Mod)($) = ModA - $*(ModS) . 

The same argument holds for generalized morphisms. Thus, we have the 
following result. 

Proposition 6.4. The modular class of morphisms (resp., generalized mor- 
phisms with 1-connected fibers) of Lie algebroids is the coboundary of the 
modular class of Lie algebroids, viewed as a 0-cochain on Algd (resp., on 
Algd[) with values in the anti-representation . 

If v is a 1-cochain, its coboundary 6v assigns to a composable pair 
A ^ B C oi Lie algebroid morphisms the element in (A) , 

^) = - o + ^*{v{^)) . 

As a consequence of the relation d'^ = 0, if v = 5u, 

v(^o$) =t;($) + $*('t;(^)) . (6.1) 

The preceding relation applied to v = 5Mod yields Equations (|2.5p and (15. ip . 
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Remark 6.5. One may ask whether there are any characteristic classes of 
Lie algebroid morphisms which satisfy (j6.ip but which do not arise from 
characteristic classes of the objects in the category of Lie algebroids. In 
fact, there are none, for the following general reason. In any category C 
with an initial object {pt}, i.e., the opposite of a category with a final 
object, such as the category of Lie algebroids, the cohomology in degree 1 
is trivial. In fact, for each object A of C, let us denote by pA the morphism 
A {pt}, and let v he a 1-cochain on C. Let u be the 0-cochain defined 
by u{A) = v{pa). If w is a 1-cocycle, for any morphism ^ : A ^ B, 
v{pb) = v{pAO^) = v{^)+F{^){v{pa)), whence v{^) = u{B)-F{^){u{A)), 
and V is the coboundary of u. 

On the other hand, there do exist nontrivial cocycles on other interesting 
categories. We learned the following example from Peter Teichner. Let C be 
the category whose objects are smooth manifolds and whose morphisms are 
immersions f : M ^ N equipped with an almost complex structure on the 
normal bundle. (Composition of morphisms is composition of immersions 
and direct sum of complex structures.) The de Rham 1-cohomology is a 
representation of this category, and the Chern class of the normal bundle is 
a 1-cocycle which is not a coboundary. 
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